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Abstract
We show that there are two classes of solutions that describe static spherically symmetric
dyonic dilaton black holes with two nonsingular horizons. The first class includes only the
already known solutions that exist for a few special values of the dilaton coupling constant.
Solutions belonging to the second class have essentially different properties. They exist for
continuously varying values of the dilaton coupling constant, but arise only for discrete values
of the dilaton field at the horizon. For each given value of the dilaton coupling constant, there
may exist several such solutions differing by the number of zeros of the shifted dilaton function
in the subhorizon region and separating the domains of singular solutions.
1 Introduction
Now, after decades of purely theoretical research, a new era begins in the study of black holes.
Thanks to such projects as the Event Horizon Telescope, LIGO, VIRGO it will be possible to
obtain observational data and to test various theoretical models. Therefore, it is important to
close some gaps in the theories of black holes that have not been resolved in due time. One of
these not fully investigated questions is the dyonic black hole model in the presence of a dilaton
field. Static spherically symmetric black holes with electric and / or magnetic charges are well
studied, and solutions for them are represented by the Reissner-Nordstro¨m metric. However, in
the presence of the dilaton field, the situation becomes much more complicated.
Dilatonic scalar field arises in a variety of theories including dimensional reductions, low-energy
limit of string theory, various models of supergravity. A dilaton field naturally couples to gauge
fields and thus can influence various physical phenomena. Such a dilaton effect is clearly manifested
in models of black holes with gauge fields. Now purely electrically or magnetically charged black
holes do not contain the RN solution as a special case. The analytical solutions for single-charged
dilatonic black hole with any value of the dilaton coupling constant are known [1, 2], and in non-
extremal case they are all singular on the inner horizon (except for the case of the zero dilaton
coupling constant, which is trivial). If the black hole carries both magnetic and electric charges
it admits the RN solution with a constant dilaton. Non-extremal dyonic solutions also turn out
to be singular in the general case on one of the horizons, however, with the exception of some
special cases. The study of the conditions for the existence of regular solutions (which do not have
singularities on the horizons) is a rather important problem. It was not brought to an end so far,
and we hope that this study will shed light on this issue.
∗davydov@theor.jinr.ru
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It should be mentioned that by now only two exact solutions for the static spherically symmetric
dyon-dilaton black hole are known [1, 3, 4, 5]. They arise for special values of the dilaton coupling
constant: a = 1 and a =
√
3. These solutions are regular. In the study of numerical solutions, it
was found in [6] that for values of the dilaton coupling constant close (or coincident) to a sequence
of triangular numbers,
a2 = n(n+ 1)/2 , n = 0, 1, 2, . . . , (1)
the corresponding solutions are also regular on both horizons. Taking into account that the first
two terms of this sequence coincide with the values of a corresponding to known exact solutions,
it was suggested that regular black hole solutions in the dyon-dilaton system are possible only for
these discrete values of the dyon coupling constant. This conjecture we shall call for brevity the
triangular hypothesis.
The first two values of the dilaton coupling from this triangular sequence have a clear physical
meaning: they arise in string theory and with the Kaluza-Klein dimensional reduction. Attempts
were made to find physical theories in which the values of the dilaton constant, corresponding
to other members of this sequence, may naturally appear. However, these attempts were unsuc-
cessful [7, 8]. Therefore, the triangular hypothesis was in a suspended state: without an explicit
physical justification, but with some purely mathematical indications in its favor. For example, in
the study of extreme dyon black holes, it was found [9] that the solution for the dilaton is analytic
on the horizon only for triangular values of the dilaton constant.
In this paper we verify the validity of the triangular hypothesis and find out the conditions for
the existence of regular solutions for arbitrary values of the dilaton coupling constant in the model
of a static spherically-symmetric dyonic dilaton black hole. In Section II we give a description
of the model and find the reasons for the appearance of a triangular sequence (1). Since all
known analytical solutions in this model are associated with solutions to Toda lattice equations,
in Section III we try to find all configurations that can have a connection with Toda lattices and
construct the corresponding solutions. Section IV is devoted to the investigation of numerical
solutions for a much more extensive domain in the parameter space than was done in [6]. In the
Conclusion we summarize and discuss the results obtained.
2 The Model
Dyon system with dilaton field can be described by the following action in D ≥ 4 dimensions [6]:
S =
∫ [
R− D − 2
4(D − 3)(∇ϕ)
2 − e
aϕ
2
(
F 2[2] +
2
(D − 2)!G
2
[D−2]
)]√−g dDx . (2)
The gauge part of the action (2) contains the standard Maxwell two-form Fµν and the additional
Abelian (D−2)-form Gµ1..µD−2 . Gauge fields interact with dilaton ϕ via the exponential potential
characterized by the coupling constant a. In comparison with the notations often encountered in
the literature, we multiplied the dilaton by a constant factor D−2
4
√
D−3 , depending on the number of
spacetime dimensions, D. This led to the appearance of an unusual factor in the dilaton kinetic
term, but many of the further formulas will have a simpler form.
A static spherically symmetric metric can be written as:
ds2 = −h(r) dt2 + h(r) s2(r) dr2 + ρ2/(D−2)(r) dΩ2D−2 , (3)
where dΩ2D−2 = gMN (y) dy
MdyN is a metric on (D − 2)-dimensional sphere. The variable s(r)
represents the remaining gauge degree of freedom which will be fixed later. The curvature scalar
density for such metric reads as:
R
√−g = h
′ρ′
hs
+ (D − 3)(D − 2)hsρD−4D−2 + (D − 3)ρ
′2
(D − 2)ρs + tot. div. (4)
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The equations of motion for gauge field are quite simple:
∇µ (eaϕFµν) = 0 , (5)
∇µ1 (eaϕGµ1..µD−2) = 0 . (6)
The appropriate field ansatz preserving spherical symmetry can be written in the following form:
Ftr =
Q
ρ
hse−aϕ εtr , GM1..MD−2 = P εM1..MD−2 , (7)
where Q and P are some constants, which can be called electric and magnetic charges; εtr and
εM1..MD−2 are antisymmetric tensors. We consider only the dyonic configuration, for which both
charges are non-vanishing. Mention that in D = 4 case, one can assume that F[2] and G[2] are
identical and describe the same electromagnetic field.
With the ansatz (7), the terms with gauge fields in the action (2) can be replaced by an effective
potential. As a result, the effective one-dimensional action for the dyon-dilaton model (2) can be
written as
Seff =
∫ (
h′ρ′
sh
+
(D − 3)ρ′2
(D − 2)ρs −
(D − 2)ρϕ′2
4(D − 3)s − hsU(ρ, ϕ)
)
dr , (8)
where
U(ρ, ϕ) =
1
ρ
(
P 2eaϕ +Q2e−aϕ
)− (D − 3)(D − 2)ρD−4D−2 . (9)
Varying it with respect to metric and dilaton variables, we obtain the remaining equations
of motion. The metric function s is just a Lagrange multiplier, and variation with respect to it
provides the Hamiltonian constraint:
H =
h′ρ′
sh
+
(D − 3)ρ′2
(D − 2)ρs −
(D − 2)ρϕ′2
4(D − 3)s + hsU(ρ, ϕ) = 0 . (10)
After that, one can choose the gauge as desired. The conventional choice is Schwarzschild gauge
s = h−1, in which the equations of motion for ρ, h and ϕ read as:
h′′ +
2(D − 3)
D − 2
(
hρ′
ρ
)′
= −(D − 3)hρ
′2
(D − 2)ρ2 −
(D − 2)hϕ′2
4(D − 3) − Uρ , (11)
ρ′′ =
(D − 3)ρ′2
(D − 2)ρ −
(D − 2)ρϕ′2
4(D − 3) , (12)
(hρϕ′)′ =
2(D − 3)
D − 2 Uϕ . (13)
As usual, Uρ and Uϕ are the corresponding partial derivatives of the potential U .
The key property of the dyonic configuration is that the derivative of the potential,
Uϕ =
a
ρ
(
P 2eaϕ −Q2e−aϕ) , (14)
vanishes when
ϕ = a−1 ln |Q/P | ≡ ϕ¯ . (15)
Therefore the constant dilaton ϕ = ϕ¯ is a solution to the dilaton equation of motion Eq. (13),
which is impossible for a single-charged configuration. As a result, the dyonic dilaton black hole
admits Reissner-Nordstro¨m solution as a special case.
Indeed, the equation for ρ reads as:
ρ′′ =
(D − 3)ρ′2
(D − 2)ρ . (16)
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It can be easily integrated, and the solution with Minkowski asymptotic is ρ = rD−2. Then from
the constraint (10) we find the remaining metric component:
h = 1− 2M
rD−3
+
2|QP |
(D − 3)(D − 2)r2(D−3) , (17)
where the new integration constant M appears.
The event horizon in Schwarzschild gauge emerges when h is vanishing. The equation (17) for
h = 0 has two solutions, r = r±:
r± =
(
M
A1 ∓A2
)1/(D−3)
, where A1 ≡ (D − 3)(D − 2)M
2
2|QP | , A2 ≡
√
A21 −A1 . (18)
With A22 < 0 there would be a naked singularity, and with A
2
2 = 0 the above solution describes
an extremal Reissner-Nordstro¨m black hole, when the two horizons coincide. However, our study
is focused on the non-extremal case, when there are two distinct horizons, so in what follows we
assume that A2 > 0.
2.1 Dilaton ‘quantization’ on RN background
We see that static dilaton field provides Reissner-Nordstro¨m metric. But is the solution stable if
dilaton acquires some dynamics? In order to check this, let us consider small deviations of the
dilaton field from constant solution: ϕ = ϕ¯+ δϕ, where δϕ≪ ϕ¯. For simplicity, we will not carry
out a full stability analysis of the entire system, just trace the behavior of solutions for δϕ on a
fixed RN background.
Then the dilaton equation (13) with the given RN metric and linearized with respect to the
variable δϕ will look like:([
(Mr3−D −A1)2 −A22
]
rD−2δϕ′
)′
= 2(D − 3)2M2a2r2−Dδϕ , (19)
where we used the formula A1h = (Mr
3−D − A1)2 − A22 following from the Eqs. (17–18). After
the coordinate change, x ≡Mr3−D −A1, the equation (19) takes a notably simple form:
d
dx
[(
x2 −A22
) d
dx
δϕ
]
= 2a2δϕ . (20)
In non-extremal case A22 > 0, this is a Legendre differential equation. Its non-singular solutions
in the region x2 ≤ A22 between the two horizons are the Legendre polynomials Pn:
δϕ = δϕhor.Pn(A
−1
2 x) , n = 0, 1, 2, ... . (21)
Here δϕhor. is the integration constant: δϕ is equal to ±δϕhor. on horizons located at |x| = A2.
From the Eq. (20) we find that the non-negative integer parameter n is related to the dilaton
coupling constant as following:
a2 = n(n+ 1)/2, n = 0, 1, 2, ... . (22)
Thus, here we encounter triangular numbers in the expression for the dilaton coupling constant.
Earlier this sequence arose when considering series expansions and numerical solutions. Now,
in addition to previous approaches, we find a physical reason for the appearance of triangular
numbers: on a Reissner-Nordstro¨m background the non-diverging solutions for δϕ emerge only for
these discrete values of dilaton coupling constant.
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Unlike the two horizons case, on the extremal RN background with A2 = 0, the non-singular
solution to the Eq. (20) exists for any value of dilaton coupling constant:
δϕ = Cxν , where a2 = ν(ν + 1)/2 , C = const . (23)
Obviously, the solution (23) is analytic only in case of triangular values of a. In [9] the same result
was derived by considering the series expansions at the extremal horizon of the solution to the full
system (11–13). Now we see that the non-analyticity of dilaton solution for ν 6= n may be derived
from the dilaton behavior on RN background, both in the extremal and non-extremal cases.
3 The equivalent dynamical system
The results obtained in the linear approximation can change when the nonlinear dynamics is
switched on. So now we consider the full dyon-dilaton system described by the effective action (8).
However, instead of solving a cumbersome system of equations (11–13), we transform the action (8)
to a more convenient form. It is easy to notice that its kinetic part simplifies in the gauge s = ρ,
in which horizons h = 0 are located at r → ±∞. Then the kinetic part is quadratic in h′/h and
ρ′/ρ. It is convenient to choose exponential variables for the metric:
σeχ =
2(D − 3)
D − 2 |QP |h , σe
γ = 2(D − 3)2hρ2(D−3)/(D−2) , σ ≡ sign(h) . (24)
In addition, we replace the dilaton function ϕ by its deviation from constant solution:
ψ = ϕ− ϕ¯ . (25)
With the new variables, the effective action reads as:
2(D − 3)
D − 2 Seff =
∫
L1(γ, γ
′) dr −
∫
L2(χ, χ
′, ψ, ψ′) dr . (26)
In this form it represents the sum of two independent actions. And the latter describe just a one-
and two-dimensional motion of ‘particles’ in the exponential potentials:
L1 =
γ′2
2
+ σeγ , (27)
L2 =
χ′2
2
+
ψ′2
2
+ σ
(
eχ+aψ + eχ−aψ
)
, (28)
where the coordinate r plays the role of ‘time’. It has long been observed that spherically symmetric
dyon-dilaton black hole can be reformulated as a ‘Toda molecule’ [1, 4]. Mention that black hole’s
exterior region corresponds to h > 0, and in subhorizon region one has h < 0. Therefore the
lagrangians (27–28) are actually different in the two regions.
Obviously, the energy is conserved in both systems L1 and L2. The conservation laws are:
E1 =
γ′2
2
− σeγ = const , (29)
E2 =
χ′2
2
+
ψ′2
2
− σ
(
eχ+aψ + eχ−aψ
)
= const . (30)
However, the constants E1 and E2 are not independent: they should obey the Hamiltonian con-
straint (10) for the full system:
H = E1 − E2 = 0 , ⇒ E1 = E2 ≡ E . (31)
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The one-dimensional system given by the Eq. (27) can be easily integrated:
h < 0 , subhorizon : eγ = E cosh−2
[√
E/2(r − r0)
]
, (32)
h > 0 , exterior : eγ = E sinh−2
[√
E/2(r − r0)
]
. (33)
In subhorizon region h < 0, the integration constant r0 is not important. The solution vanishes
at r → ±∞, which corresponds to the horizons h = 0. In the exterior region h > 0, the outer
horizon is located at r → +∞ or r → −∞, where the solution approaches zero. The Minkowski
asymptotic corresponds to the vicinity of the boundary r → r0. Indeed, with h → 1, r → r0 the
line interval for solution (33) can be written as:
ds2 = −dt2 + dr˜2 + r˜2dΩ2D−2, where r˜ ≡ [(D − 3)|r − r0|]−1/(D−3) , (34)
which is indeed a Minkowski space.
The two-dimensional system (28) seems to be non-integrable, in general. Only two exact
solutions with a = 1 and a =
√
3 are known so far. In the first case the solution can be easily
found in terms of the variables χ± ψ. It coincides up to integration constants with the formulas
for γ given by the Eqs. (32–33). The second known integrable case, a =
√
3, is not so simple. The
solution was found by reducing the equations of motion to a system of equations for the integrable
Toda lattice [4, 5]. In our research, we want to put the question differently: instead of establishing
a correspondence between the equations of motion of the dyon-dilaton system and the integrable
Toda lattice for a given dilaton coupling constant, we will determine at what values of the coupling
constant this correspondence exists.
3.1 Toda-related solutions
For a more general consideration, we consider the case when the dilaton may interact differently
with the gauge forms F[2] and G[D−2], as was discussed, for example, in [1]. The corresponding
lagrangian can be written as
L2 =
χ′2
2
+
ψ′2
2
+ σ
(
eχ+a2ψ + eχ−a1ψ
)
, (35)
where there are two dilaton coupling constants a1 and a2. They must be of the same sign, otherwise
the system will not have a constant dilaton solution, which is a distinctive feature of the dyon
configuration that we would like to preserve. The lagrangian is invariant under the transformation
a1 ↔ a2, ψ → −ψ. Therefore without loss of generality we can assume that a1 ≥ a2 > 0.
In order to make the formulas simpler, we introduce a vector X = (χ,ψ) and write the
Hamiltonian for the system (35):
H2 =
1
2
2∑
i=1
P 2i − σ
2∑
i=1
exp
(
AikX
k
)
. (36)
Here
Pi =
dXi
dr
, Aik =
(
1 a2
1 −a1
)
, (37)
and the expression AikX
k implies the sum for k = 1, 2. Exactly the same Hamiltonians in form
were considered in the study of generalized Toda lattices. Not all such systems are integrable.
However, a sufficient condition for integrability is well known. In order to use it, we can calculate
the following matrix:
Cik = 2
{AklX l, {AimXm,H2}}
{AklX l, {AkmXm,H2}} , (38)
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where {·, ·} is a Poisson bracket. As was found in the study of Toda lattices, if Cik is a Cartan
matrix of some Lie algebra, then the system (36) can be explicitly integrated [10].
For the Hamiltonian (36) we find that
Cik =

 2 2(1−a1a2)1+a21
2(1−a1a2)
1+a2
2
2

 . (39)
It is not difficult to calculate that Cik can be a Cartan matrix only in four cases. The corresponding
algebras and values of dilaton couplings are listed below:
A1 ⊕A1 A2 C2 G2(
2 0
0 2
) (
2 −1
−1 2
) (
2 −1
−2 2
) (
2 −1
−3 2
)
a1a2 = 1 a1 = a2 =
√
3 a1 = 3, a2 = 2 a1 = 3
√
3, a2 = 5/
√
3
(40)
Exactly the same list of Lie algebras and dilaton coupling constants (up to rescaling) was
obtained in a series of papers by Ivashchuk and co-authors [11, 12, 13]. Note that, with the
exception of the case A1⊕A1, there are only individual values corresponding to integrable solutions.
And when a1 = a2 there are only two values: 1 and
√
3. Of course, we can not say that there
are no other integrable cases. However, there are no signs indicating the presence of a triangular
sequence a2 = n(n+ 1)/2, or any other sequence.
In the works [11, 12, 13], the authors considered solutions only in the exterior region. And
we also need to obtain solutions in the subhorizon area, in order to verify the regularity of both
horizons. Moreover, in these studies the authors did not construct explicit solutions for C2 and
G2 cases. Therefore, now we partially reproduce, and partially supplement their results, using the
same approach that was developed by Ivashchuk and co-authors in [14, 15].
The equations of motion for the lagrangian (35) are:
d2Xi
dr2
= σ
2∑
k=1
(AT )ik exp
(
AklX
l
)
, i = 1, 2 . (41)
First we need to find a linear transformation of variables X = KY with a constant matrix Kik,
that reduces this system of equations to the form
d2Y i
dr2
= −
2∑
k=1
Bik exp
(
CklY
l
)
, i = 1, 2 , (42)
where Bik is some constant diagonal matrix. This system coincides with open Toda lattice equa-
tions corresponding to the Lie algebra with the Cartan matrix Cik.
It is easy to find that
K = A−1C =
(
2
1+a2
2
2
1+a2
1
2a2
1+a2
2
− 2a1
1+a2
1
)
, B = −σC−1AAT = −σ
2
diag
(
1 + a22, 1 + a
2
1
)
. (43)
An important parameters of the solution are components of the twice dual Weyl vector in the
basis of simple roots of the corresponding Lie Algebra:
ni = 2
2∑
k=1
(
C−1
)ik
. (44)
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For the Cartan matrix (39) we have
n =
(
a1(1+a22)
a1+a2
,
a2(1+a21)
a1+a2
)
,
A1 ⊕A1 A2 C2 G2
n1 1 2 3 6
n2 1 2 4 10
(45)
The key part of the solution are the so-called fluxbrane polynomials:
Hi(z) = ci +
ni∑
k=1
pikz
k(r) , i = 1, 2 , where z ≡ −2σ
E
e−
√
2E(r−r0) . (46)
The four constants ci > 0, E > 0 and r0 are the free parameters of solution which can be found
from initial or boundary conditions. Mention that E and r0 are common parameter for systems
L1 and L2. The ansatz for the system (42) reads as
Y i = −ni
√
E/2(r − r0)− lnHi(z) , i = 1, 2 . (47)
Substituting it into the equations, we obtain the values of the parameters pik for which the ansatz
satisfies equations. The resulting fluxbrane polynomials are given in the Appendix by the Eqs (58–
63).
All coefficients of the fluxbrane polynomials (58–63) are positive when c1, c2 > 0. They depend
on the variable z which is non-negative in subhorizon region. As a result, the functions lnHi(z)
are well-defined everywhere on the interval between the two horizons. In the exterior region z ≤ 0,
and polynomials Hi(z) can take negative values. However, Hi(0) > 0 which corresponds to the
horizon r → +∞. Therefore there exist such interval rs < r < +∞, where Hi(z) > 0. Recall that
in the chosen gauge s = ρ the exterior region (from outer horizon to Minkowski space) corresponds
to the interval r0 ≤ r < +∞, as it follows from the Eq. (33). With a suitable choice of parameters
r0 and ci we can always ensure that rs < r0, and the solutions for Y
i are well-defined in the
exterior region also.
It is interesting that by construction the asymptotics of Y i are similar on both horizons:
Y i|r→±∞ = −ni
√
E/2|r| . (48)
Now let us turn to the original functions, χ and ψ. Calculating X = KY we find:
χ =
1
a1 + a2
2∑
i=1
ai ln
(−σE
2
zH
− 2
ni
i (z)
)
, (49)
ψ =
2a1a2
a1 + a2
ln
(
H
− 1
n1
1 (z)H
1
n2
2 (z)
)
. (50)
As it should be, the function χ goes to −∞ on both horizons:
χ|r→±∞ = −
√
2E|r| . (51)
The dilaton function on both horizons approaches constants:
r → −∞ : ψ → ψin.hor. = 2a1a2
a1 + a2
ln
(
p
− 1
n1
1n1
p
1
n2
2n2
)
, (52)
r → +∞ : ψ → ψout. hor. = 2a1a2
a1 + a2
ln
(
c
− 1
n1
1 c
1
n2
2
)
. (53)
Thus, analytical solutions turn out to be regular on both horizons and outside the black hole.
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It is worth mentioning that for a1 = a2 the lagrangian L2 becomes invariant with respect to
the reflection ϕ → −ϕ. As a result, the dilaton function ψ assumes the same modulus values on
the horizons. For the expressions for the fluxbrane polynomials (58–59) given in the Appendix we
have in A1⊗A1 case: ψout. hor. = −ψin.hor. = ln(c2/c1); in A2 case: ψin.hor. = ψout. hor. = ln(c2/c1).
The Minkowski asymptotic is achieved at σ = 1, r = r0, which implies z0 = −2/E. Then the
condition h(r0) = 1 imposes an additional constraint
H
− 2
1+a2
2
1 (z0)H
− 2
1+a2
1
2 (z0) =
2(D − 3)
D − 2 |QP | (54)
on the parameters ci and E. Next, the asymptotic for the metric h = 1− 2Mr˜3−D + . . ., where r˜
is given by the Eq. (34), provides the relation between the mass parameter M and ci, E:
M =
1
(D − 3)(a1 + a2)
√
E
2
2∑
i=1
ai
(
1 +
4
niE
d lnHi(z)
dz
∣∣∣∣
z=z0
)
. (55)
Expanding dilaton function ϕ as ϕ = ϕ∞ +Σ r˜3−D + . . ., we can find that
ϕ∞ = ϕ¯+ ψ(z0) , Σ =
2
D − 3
√
2
E
dψ
dz
∣∣∣∣
z=z0
. (56)
Thus, there are four equations (54–56) that allow us to express three parameters ci, E in terms
of four parameters ϕ∞, M , |QP | ,Σ. This means that those four parameters are not independent,
as expected.
It is also possible to calculate the Hawking temperature of the black holes. We give the
computations for the case D = 4, to avoid cumbersome factors that depend on the dimension of
the spacetime:
TH =
1
2pi
(√
grr
∂
√−gtt
∂r
)
r→+∞
=
1
2pi
(
eχ−γχ′
)
r→+∞ =
1
4pi
√
2E
c
− 2
1+a2
2
1 c
− 2
1+a2
1
2 . (57)
In case of single dilaton constant, a1 = a2 = a, one has T = (4pi
√
2E)−1 exp(a−1ψout. hor.).
Summarizing, we can see that the configurations with one coupling constant, a = 1 and a =
√
3,
are the only ones that can be easily associated with the generalized Toda lattices related to Lie
algebras. Therefore, there is no reason to extend the properties of these solutions to cases of other
dilaton coupling values. In the next section, we show that, in fact, solutions with different values
of the parameter a have essentially different properties.
4 Numerical solutions
The full dyon-dilaton system (8) is most likely non-integrable for arbitrary values of dilaton cou-
pling constant. However, it can be divided into two independent subsystems (27) and (28). The
first one is explicitly integrated, so we need to solve numerically only the second one. This sec-
tion is devoted to the construction of numerical solutions for the dynamical system given by the
lagrangian L2. Our goal is to build the regular solutions, i.e. for which the values of the metric
and dilaton functions and their derivatives are finite on horizons. Therefore we will only consider
a subhorizon region with h ≤ 0. This means that we choose σ = −1 in the expression (28) for L2.
In previous section we considered the connection between the system L2 and the Toda molecule,
but now it is more convenient to treat L2 as describing a particle moving in the (χ,ψ)-plane in
the potential eχ−aψ + eχ+aψ. This allows to predict in advance the basic properties of solutions.
9
The free asymptotic motion at r → ±∞ happens when potential vanishes. The potential goes
to zero if χ → −∞ and a|ψ| < |χ|. So, asymptotically the particle moves with constant velocity
χ′, ψ′ = const, and the direction of the velocity vector can be any, provided that a|ψ′| < |χ′|. The
regular horizon in the dyon-dilaton system implies χ → −∞, ψ ≡ ψhor. = const. It corresponds
to an asymptotic motion with a velocity vector parallel to the χ-axis. We can choose the initial
condition in such a way as to satisfy the requirement of regularity of one of the horizons: ψ′|r→−∞ =
0 and ψ|r→−∞ = ψhor.. However, in the general case, the asymptotics near the second horizon
can be different: the velocity vector can be unparallel to the χ-axis, as r→ +∞. Only potentials
possessing a hidden internal symmetry can guarantee a transition from one nonsingular asymptotic
to another. We examined such symmetries in the previous section and made sure that they are
rather rare.
The potential eχ−aψ + eχ+aψ has form of a symmetric valley. Thus the particle trajectory
from r → −∞ to r → +∞ oscillates in ψ-direction and crosses the χ-axis for several times.
The number of intersections of the trajectory with the χ-axis divides the set of solutions into
families, each of which is characterized by its number of intersections, n. The solutions which
separate families with n and (n + 1) intersections are separatrixes. They separate the solutions
with different asymptotics at r → +∞, because when n is odd, the signs of the asymptotic values
ψ|r→+∞, ψ′|r→+∞ are opposite to the sign of the initial value, ψhor.; when n is even, the signs are
the same. The separatrix beginning at (−∞, ψhor.) will end at (−∞, (−1)nψhor.) due to symmetry
of the lagrangian L2 with respect to reflection ψ → −ψ and time inversion r→ −r. Therefore the
separatrix solutions have finite ψ-coordinate everywhere and correspond to the dyon-dilaton black
holes with two regular horizons. Our goal is to construct such solutions numerically and find what
values of the system parameters they correspond to.
The parameter E can be set equal to unity by the rescaling χ→ χ+lnE, r→ r/√E. Thus, we
have two parameters that determine the behavior of the solution: ψhor. and a. For the convenience
of testing the triangular hypothesis, we will use the parameter ν instead of a. They are related
as ν(ν + 1)/2 = a2. According to the hypothesis, separatrix solutions must exist only for integer
values of the parameter ν.
On the Fig. 1 we have depicted the sets of points on (ν, ψhor.)-plane to which the numerically
constructed separatrix solutions correspond. They form a set of lines, each of which corresponds
to a family of solutions with n = 1, 2, 3, . . . intersections of the χ-axis. However, these families can
be combined into two classes.
• The first class contains the two vertical lines ν = 1 and ν = 2. The corresponding solutions
are the known integrable ones (with a = 1,
√
3). They correspond to discrete values of the
dilaton coupling constant, while the parameter ψhor. can be arbitrary.
• The lines belonging to the second class are the curves that, for small values of the parameter
ψhor., are close to vertical lines ν = 3, 4, 5, . . ., but with an increase in the parameter, they
are noticeably deviated from them. Thus, regular solutions for ν > 2 can be found in the
intervals νminn ≤ ν < n, where n is a number of intersections with the χ-axis for a given family
of solutions. For ψhor. → 0 the curves approach ν = n straights, which corresponds to the
solutions obtained in the linear approximation for small values of the dilaton. However, for
large ψhor. the non-linearity deforms the curves, which then tend to straights ν = ν
min
n < n.
For relatively small values of dilaton coupling constant (ν ≤ 6), the intervals (νminn , n) are
very narrow. Apparently, therefore, it was conjectured that they reduce to discrete values
ν = n. For large ν, the intervals become quite wide.
The qualitative behavior of the solutions depends not only on the parameter ν, but also on
ψhor.. For given ν there is only a discrete set of values {ψ1hor., .., ψkhor.}, k = k(ν) = 0, 1, 2, . . . ,
which corresponds to regular solutions. This set can be empty for ν . 12.07, because there
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Figure 1: The curves ψhor.(ν) corresponding to non-extremal regular black hole solutions. The regions
between the curves are domains of solutions singular on one of the horizons.
are gaps between the intervals (νminn , ν = n), where there are no regular solutions. But for
ν & 12.07 the intervals completely cover the ν-axis and even start overlapping each other
for ν & 12.96, so there can be one or two distinct regular solutions for given ν. In the case
of overlap, the solutions differ in the number of zeros of the dilaton function, which can be
equal to [ν + 1] or [ν + 2], where [·] denotes the integer part of a number. For ν & 30 the
overlap can be double (resulting in three distinct solutions with [ν + 1], [ν + 2] and [ν + 3]
zeroes of the dilaton functions), e.t.c. Probably, for ν → ∞ the overlap can be infinite,
however, it is difficult to verify by numerical calculations.
We can formulate the result of our numerical study as follows: the spectrum of dilaton coupling
constant corresponding to regular solutions is discrete for n ≤ 2, continuous with gaps for 2 <
ν . 12, and continuous for ν & 12.07. This disproves the triangular hypothesis that the spectrum
should only be discrete. However, now numerical results allow us to put forward the hypothesis
that the spectrum of a parameter ψhor. must be discrete, with the exception of two special cases
with a = 1,
√
3, for which the spectrum is continuous.
It is important to mention that the authors of the triangular hypothesis themselves wrote in
their work [6] that “the precise numerical value of a begins to show some dependence on the
initial data for large values of ψhor.” (they actually used another notations for dilaton coupling
constant and dilaton value at horizon). They found that “even for large a the largest values of
ψhor. consistent with asymptotically flat solutions yield numerical values of a which agree with the
[triangular] series to 0.1%. We have numerically checked terms up to a =
√
21 in the series”. Then
they concluded that “it would appear to be merely the result of numerical errors”. However, in
present work, we checked the sequence up to a =
√
465 and for much larger values of ψhor.. Look,
for example, on the Fig. 1 where we present the graphics for a ≤ √105. It is easy to see that for
the range a ≤ √21 (ν ≤ 6) considered in [6], deviations from the triangular sequence are really
small. However, then they become more and more significant, and they can not be attributed in
any way to the errors of numerical integration.
By the way, our choice of the gauge s = ρ is especially convenient for numerical integration,
since the most problematic areas for numerical integration are the areas near the horizons. And
in this gauge they are stretched to infinite intervals, which greatly simplifies the verification of the
convergence of the numerical scheme. For example, for each numerical solution we checked the
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feasibility of the energy constraint (30). If the solutions contained errors, they would not satisfy
it. However, for all solutions the constraint was satisfied with sufficient accuracy. We used the
standard MAPLE tools for the numerical integration of differential equations with an absolute
and relative errors of not more than 10−13.
Let us make some more remarks. Consider the transition to extremal black hole solution, i.e.
when the distance between the horizons goes to zero. For every solution the number of intersection
with χ-axis (zeroes of the dilaton function) does not depend on the distance between the horizons.
As a result, the dilaton function will oscillate rapidly, with a ‘period’ of oscillations tending to
zero. Its contribution into energy density, ψ′2/2, will diverge if the amplitude of the oscillations
associated with the parameter ψhor. does not tend to zero. However, for a given value of the dilaton
coupling constant, the parameter ψhor. can be set to zero, provided that the regularity of solutions
is maintained, for only two cases: a = 1,
√
3. Otherwise, the spectrum of ψhor. is discrete, and the
transition to an extreme black hole is singular.
5 Conclusion
We studied static spherically-symmetric non-extremal black hole solutions in the dyon-dilaton
system, and found that the condition for the existence of regular solutions (non-singular on both
horizons and with Minkowski asymptotic) leads to discreteness in the parameter space of the
model. However, the entire set of regular solutions is divided into two essentially different classes.
The first class includes solutions arising in configurations with a few special values of the
dilaton coupling constant(s), which allow one to establish a connection with solutions for Toda
lattices. Even in the presence of two dilaton coupling constants there are only four families of
solutions in this class that correspond to Lie algebras A1 ⊕ A1, A2, C2 and G2. From this point
of view, there is absolutely no confirmation of the triangular hypothesis.
For the existence of regular solutions belonging to the second class, it is not required that the
dilaton coupling constant takes on any special values. At small values of a, there are intervals
in which there are no regular solutions, but these ‘voids’ disappear after a & 8.9. In this class
there is, apparently, a countable number of families of regular solutions. However, in contrast to
solutions of the first class, solutions from the second class are separatrixes that separate singular
solutions with different numbers of zeros of the dilaton function. For a given value of the dilaton
coupling constant, there can be several regular solutions differing by the number of zeros. Without
changing the dilaton coupling constant, it is impossible to go from one regular solution to another
with a continuous change in the parameters of the system.
This property resembles a kind of quantization for dyonic dilaton black holes. Indeed, the
dilaton coupling constant is an external parameter in the model, in the real world it is most
probably fixed and its value is determined by some fundamental theory. If its value is large
enough, for example, a = 9.52, then there may exist regular dyonic black holes with 12 and
13 zeroes of dilaton function in the subhorizon region. A nontrivial question arises: how can a
transition from one state to another occur if they are separated by singular configurations? Of
course, the non-stationary processes go far beyond our study of static solutions. Nonetheless, the
process of transition between regular solutions, separated by singular states, can be accompanied
by intriguing physical phenomena. Taking into account that the dyon-dilaton models are used
to describe condensed matter systems [16, 17], configurations with regular solutions separated by
singular states, similar to those studied in this paper, can find application in this field.
The discreteness in the parameter space corresponding to regular solutions is also observed with
various modifications of the model, such as adding a cosmological constant [6] or higher-curvature
corrections [18]. Indeed, as we learned from the verification of the triangular hypothesis, the
discreteness arises when considering the dilaton on the Reissner-Nordstro¨m background, and the
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smooth inclusion of extra terms will inevitably coexist with the discreteness, at least to some
extent.
A possible topic for further research is also the study of rotating dyonic dilaton black holes [19,
20]. They are also characterized by the presence of a special value of the dilaton coupling constant,
which is a =
√
3 [21]. One can expect that for rotating solutions the discreteness in the parameter
space also manifests itself in a nontrivial fashion. It would be especially interesting to explore the
system of dyonic diholes [22, 23, 24] in presence of a dilaton field.
This work was financially supported by the Ministry of Education and Science of the Russian
Federation (the Agreement number 02.a03.21.0008) and by the Russian Foundation for Funda-
mental Research under grant 17-02-01299.
Appendix: Fluxbrane polynomials
Here we give fluxbrane polynomials that are part of the solutions (47) of the open Toda lattice
equations (42) corresponding to the Lie algebras arising in the models of dyon-dilaton black holes.
Case A1 ⊕A1:
H1 = c1 +
(1 + a22)
8c1
z , H2 = c2 +
(1 + a21)
8c2
z , where a1a2 = 1 . (58)
Case A2:
H1 = c1 +
c2
2c1
z +
1
16c2
z2 , H2 = c2 +
c1
2c2
z +
1
16c1
z2 . (59)
Case C2:
H1 = c1 +
5c2
8c1
z +
52c1
27c2
z2 +
53
21032c1
z3 , (60)
H2 = c2 +
5c21
4c2
z +
52
26
z2 +
53c2
2832c21
z3 +
54
21432c2
z4 . (61)
Case G2:
H1 = c1 +
7c2
6c1
z +
72c21
48c2
z2 +
73
2434
z3 +
74c2
2835c21
z5 +
75c1
293552c2
z5 +
76
2123752c1
z6 , (62)
H2 = c2 +
7c31
2c2
z +
72c1
16
z2+
73c2
2333c1
z3+
74(c51 + c
3
2)
2833c31c2
z4+
76
283452
z5+
76(33c51 + 5
2c32)
2123752c21c
2
2
z6+
77c1
2113752c2
z7 +
78
2163852c1
z8 +
79c2
21731252c31
z9 +
710
22031254c2
z10 . (63)
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